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ABSTRACT :     Multistory steel structures , especially those with eccentrically braced frames , contain elements that require interaction curves of  two basic  types : bending moment - axial force for columns and bending moment - shear force for short links. 

    This paper describes a finite two-dimensional beam element with an implicit bending-axial-shear interaction surface resulted from a simple description of the cross section and the stress-strain curve for component materials. It is possible to take into consideration steel beams with reinforced con- crete decks and to obtain permanent plastic strains after cyclic loading .

    We admit the plane section hypothesis in Timoshenko's formulation , and a variable shear rigi- dity modulus GAT to include the inelastic deformations due to the yielding in shear of the web .

Key words :  shear rigidity modulus , composite section

1.   RELATIONS  OF  EQUIVALENCY  AND  GLOBAL  CONSTITUTIVE  LAWS 

   We'll consider a cross section with an axis of symmetry (Oy), composed of materials with different stress - strain curves with (formally) linear portions (fig. 1).
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Fig.1. Sign conventions and characteristic curve ( - (
   If we accept the plane section assumption, the current strain (x can be written as:

                                      (x  =  (xo  + (z y                                                                          
(1)

where (​xo and (z are 'generalized strains' associated with the axial force, N and the bending moment Mz . We'll also consider a constant shear strain (xy = (xyo over the whole section associated   with the shear force T.

   For a total strain (x in the range (i - (j , the total stress (x is obtained by interpolation :
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   We introduce (x given by (1) in the expression of (x (2) and write the following relations of
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equivalency:

   For a linear-elastic material (om = 0.0 and ETm = Eo and we find again the well-known first and second moments of inertia. In the nonlinear range, even if the original system of axes was central and principal, all the integrals are, generally, non-zero.

                                         N  =  No  +  (xo EAT  +  (z ESzT 

                                        Mz  = Mzo + (xo ESzT  +  (z EIzT                                                     (4)

   We denote by ( F ( = ( N, T, Mz ( and ( ( ( = ( (xo, (xyo, (z ( the generalized stress and strain vectors and rewrite relations (4) in incremental form: ( dF ( = ( DT ( ( d( ( appended with           dT = GAT d(xyo: 
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   The tangent shear rigidity modulus GAT is considered uncoupled of the others and variable as a function of the total shear strain (xyo over an (also) variable shear area AT.

2. NON-LINEAR  TIMOSHENKO  BEAM   ELEMENT
   In the model proposed by Timoshenko the rotation of the bar axis is composed of the rotation of the normal, (z and a supplementary rotation, (xyo due to shear stresses (fig. 2).
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Fig. 2.  Rotation of the normal and rotation of the bar axis in xOy.

   For bending in the xOy plan we can express:
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where the superscript o refers to a point on the bar axis.  One can observe that (z = - d(z/dx from identification with expression (1), and (xy is implicitly constant over the cross section.

   For the interpolation functions chosen for displacements and rotations (independent variables in this model) there are several options:

- linear interpolation functions (2 nodes element) leads to constant curvatures on the length of the element and requires a reduced integration order for shear terms  to avoid shear locking .

- linear interpolation appended with ' bubble ' functions (the equivalent of incompatible modes for linear quadrilaterals) which does not require selective integration , but , imposes static condensation for the internal degrees of freedom . 

- quadratic interpolation functions (3 nodes element) requires selective integration and static condensation  but provides an increased accuracy with a small number of divisions on the length of the bar.

   The proposed element is a linear Timoshenko beam with the section composed of a "lamella" (b - h) and a number of  longitudinal  "chords" (A​i) of arbitrary materials (fig. 3) .
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Fig. 3.  Section definition and rigid arms 

   The rigid arms are defined from the nodes to the end of the flexible zone (lo), so in fig. 3 xj and yj are negative.

   If we adopt the isoparametric formulation for all the displacements (linear Hughes model) we have:

                                          uo(x) = Ni(x) ui  + Nj(x) uj
                                           v (x) = Ni(x) vi  + Nj(x) vj                                                       (7)

                                           (z(x) = Ni(x) (zi + Nj(x) (zj      where  :  Ni = (1 - x) / l ;   Nj = x / l .

   The element has constant curvature on lo, hence, on the distance between two nodes there must be several 'segments' of this type, 4 are usually enough for a satisfactory accuracy of displacements. 

   Although the displacements converge to the exact solution by increasing the number of segments, the global stresses are always exact in the middle of the segments regardless their number because this formulation is equivalent with a mixed one in which the nodal parameters are the rotation and the shear force.

   In certain situations ( Fig. 4 ) the required number of non-linear segments is naturally small . In other cases ( e.g. for a constant section long beam ) it is more convenient to assemble a chain of two  non-linear segments of predefined length ( the length of the plastic hinge ) at the ends of a long linear beam. Static condensation may be used for the elimination of the internal DOF’s .

   In relations (5) the tangent rigidity moduli are obtained by second order Gauss integration on a number of subdivisions (5 - 10) on the height ' h ' appended with the contribution of the chords. 

   At each integration point (and chord) the time history and loading or unloading decision are  'tracked' by the permanent plastic strain after each deformation increment  ( Betea 1998 ).

   For the tangent shear rigidity modulus GAT we also adopted the numerical integration with Gt from Et and ( (( = (o for elastic fibers and ( = 0.5 for yielded fibers) resuting in a reduced shear area by the yielded zones from normal stresses. On the other hand when (xyo > (​yield (web yielding in shear) GAT has a drastic reduction to GtATelastic where Gt = Et / 3. for  the web material.
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                   Fig.4  Some typical usage of non-linear Timoshenko beam segments

   We'll adopt reduced integration for shear terms taking x = lo / 2 in the function (xy (x)  (6).

The strain-displacement matrix, (B(, has now only constant terms and the standard integration      (k( = (V(B(T(D((B( dv can be carried out in the explicit form given in table 1. 

Table 1.  Tangent stiffness matrix of a Timoshenko ' segment ' in local coordinates

	EA / lo
	        0.
	    -ESx / lo
	    -EA / lo
	     0.
	      ESz / lo

	
	  GAT / lo
	     GAT / 2
	      0.
	  - GAT / lo
	     GAT / 2

	
	
	EIz/lo + GATlo/4
	     ESz / lo
	  -GAT / 2
	-EIz/lo + GATlo/4

	
	
	
	     EA / lo
	     0.
	    -ESz / lo

	
	 symmetric
	
	
	   GAT / lo
	    -GAT / 2

	
	
	
	
	
	EIz/lo + GATlo / 4


In the evaluation of the unbalanced forces the nodal forces equivalent to the internal stress state 

(N, T, M) in the middle of the segment are required. For example at node I, Fxi , Fyi , Mzi positives in the direction of global axes can be obtained as:

     Fxi = - N cos ( + T sin (
     Fyi = - N sin (  - T cos (                                                                                              ( 8 )

     Mzi = - M - T lo / 2  + N cos ( Yi​ - N sin ( Xi + T cos ( Xi + T sin ( Yi 

where ( is the angle between bar axis and global X and Xi , Yi are end offsets defined in fig 3 .

3. EXAMPLES

3.1.  Steel cantilever with T section.
   In this first example we consider a steel cantilever of length l = 200 cm. (fig. 5)

in which  the "lamella" is the web (400 x 10 mm) and the flange (200 x 16) is declared as a   chord .          For an yield stress fy = 2400 daN / cm2 the plastic moment is Mpl = 19.43 x 105 daNcm and the limit load is Pult = 9715 daN.

   This example with high sectional plastic reserve (k = Wpl / Wel = 1.9) aims at the accuracy of the numerical integration on the web. For an imposed displacement at tip in the range - 1.2 ... 1.0 cm the flange does not yield.
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   For comparison, another model with a coarse mesh of efficient two-dimensional elements (with vertex rotation) for the web and truss elements for the flange is adopted.

   The force-displacement diagrams of both models appear to be very close for the same tolerance(0.005 = norm of the unbalanced forces divided by the norm of the applied loads) (fig. 7) .
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Fig. 7.  Comparison between one and two-dimensional models

3.2.   Simply supported composite beam   
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   The simply supported beam with a clear span of 5.0 m (8 segments) in fig. 9 is part of an experimental study that is compared in Fabbrocino ( 1999 ) with a dedicated analytical model. 
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   The web of the IPE 400 is considered as lamella, flanges, reinforcements and two strips of concrete are modeled as chords of different materials. The concentrated load applied at mid-span was incremented up to the failure value (aprox. 490 kN).

   In the proximity of the ultimate load the measured deformations increase significantly faster then the computed ones due to the nonlinear behavior of the connectors, thus accentuating the slip between the slab and the profile (fig. 10).


Fig.10.  Force - displacements diagrams for the composite beam

 3.3   8 levels V - braced frame

   The frame with short links as dissipative bars in fig. 11 was designed according to the plastic method Scibilia (1990) for an amplification factor ( = 1.5 of the horizontal forces (Si) in table 2.

Table 2   Section  types  and  horizontal  forces

	   level
	      1 
	      2
	        3
	        4
	        5
	        6
	      7
	      8

	 columns  
	HEB 600
	HEB 600
	HEB 600
	HEA 500
	HEA 500
	HEA 500
	HEA 450
	HEA 450

	   beams
	HEB 340
	HEA 360
	HEB 300
	HEA 320
	HEA 280
	HEA 240
	HEA 220
	HEA 200

	   braces
	HEA 200
	HEA 200
	HEA 180
	HEA 180
	HEA 160
	HEA 140
	HEA 140
	HEA 140

	  Si (kN(
	  14.48
	  28.95
	  43.43
	  57.90
	  72.38
	  86.85
	 101.33
	 115.80


   The yield stress fy = 2350 daN/cm2 was considered the same for the web and the flanges.

   In fig. 12 base shear - top displacement diagrams obtained with the proposed model and the    DRAIN 2D+ program [4] with M-T interaction element developed by  Roeder (1977) are presented.

   At quite the same ultimate displacement the base shear obtained with DRAIN is greater with 15.8% because standard (Euler) elements are always stiffer than Timoshenko beams for high h/l ratios.

CONCLUSIONS 

   The proposed two-dimensional beam element allows, with a simple description of the section, the nonlinear approach of any constructive solution encountered in multistory steel frames. The isoparametric formulation with variable shear rigidity modulus extends the application range of unidimensional elements to any h / l ratio. A very efficient solution for localized plasticity problems is obtained by connecting in series the described nonlinear segments with long linear beam elements.
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Fig. 5.  Cantilever - displacement control. 5 segments








Fig. 6. Cantilever modeled with two-dimensional elements
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Fig. 8.  Cross section and material properties for the composite beam





Fig. 9.  Composite beam model
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Fig.11.  8 levels  V - braced frame
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   Composite Beam - [daN,cm]
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  Cantilever T section - Timoshenko beam - [daN,cm]
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